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LOCAL FLOER HOMOLOGY AND INFINITELY MANY
SIMPLE REEB ORBITS
MARK MCLEAN
Abstract. Let Q be a Riemannian manifold such that the Betti num-
bers of its free loop space with respect to some coefficient field are un-
bounded. We show that every contact form on its unit contangent bun-
dle supporting the natural contact structure has infinitely many simple
Reeb orbits. This is an extension of a theorem by Gromoll and Meyer.
We also show that if a compact manifold admits a Stein fillable contact
structure then there is a possibly different such structure which also has
infinitely many simple Reeb orbits for every supporting contact form.
We use local Floer homology along with symplectic homology to prove
these facts.
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1. Introduction
In this paper we are interested in contact manifolds that are the boundary
∂M of certain symplectic manifolds M called Liouville domains which will
be defined later on. We are interested in the Reeb orbits of such contact
manifolds. Let αM be a supporting contact form on ∂M . A Reeb orbit of
period T > 0 is a smooth map o : S1 = R/TZ → ∂M such that the vector
d
dt
(o(t)) is in the kernal of dαM and so that
d
dt
(o(t))(αM ) = 1. Such an orbit
is simple if the map o is injective. Suppose we choose a trivialization τ of
the canonical bundle of M up to homotopy and a class b ∈ H2(M,Z/2Z)
then for every coefficient field K we can define a graded K vector space
1
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SH∗(M,K) called symplectic homology depending on τ and b. The triv-
ialization τ tells us how to grade the group SH∗(M,K). The differential
used to define symplectic homology involves counting solutions to a certain
differential equation called the perturbed Cauchy-Riemann equation. Each
solution has a sign + or − and we count the solutions with sign. Different
choices of the class b will give different choices of sign, and hence the differ-
ential changes when b changes. Symplectic homology is an invariant of M
up to deforming M through Liouville domains (assuming we do not change
(τ, b)). There is also another invariant Γ(M) called the growth rate. The
main theorem in this paper is the following:
Theorem 1.1. Suppose that ∂M has only finitely many simple Reeb orbits,
then:
(1) There is a constant C such that the rank of SHk(M,K) is bounded
above by C for all k /∈ [1−n, n] where n is half the dimension of M .
(2) Γ(M) ≤ 1.
This is true with respect to any coefficient field K and any choice of τ and
b.
We do not require a genericty assumption here. These simple Reeb orbits
can be very degenerate. We prove this theorem by using work from [GG10].
First of all we associate two Floer homology groups CH∗(γ) and SH∗(γ) to
each Reeb orbit. Next we show that SH∗(γ) is bounded above by CH∗(γ)⊕
CH∗−1(γ). We then put a bound on the rank of CH∗(γ) by using work
from [GG10]. It turns out that SH∗(M,K) is bounded above by the sum of
SH∗(γ) over all Reeb orbits plus the rank of H
n−∗(M) and this gives us our
result.
For a compact Riemannian manifold Q, we define its unit disk bundle
D∗Q to be the set of cotangent vectors of length ≤ 1. This is naturally a
Liouville domain. Its boundary S∗Q is a contact manifold called the unit
cotangent bundle. By using the results from [SW06], [AS06] or [Vit96] we
get that SH∗(D
∗Q,K) = H∗(Q
S1 ,K) where QS
1
is the free loop space of Q.
Hence we get the following corollary:
Corollary 1.2. Suppose Hk(Q
S1 ,K) is unbounded for k > n then every
contact form supporting the contact structure on S∗Q has infinitely many
simple Reeb orbits. For instance if Q is simply connected and its cohomology
ring has at least two generators over Q then S∗Q has this property when
K = Q [VPS76].
This is an extension of a theorem by Gromoll and Meyer [GM69]. This
corollary will also be proven in [Hry] using similar methods. The main dif-
ference is that they use contact homology which is the equivariant version of
symplectic homology. One can ask if other contact manifolds have infinitely
many Reeb orbits.
LOCAL FLOER HOMOLOGY AND INFINITELY MANY SIMPLE REEB ORBITS 3
Theorem 1.3. In each even dimension greater than 6 there is a Liouville
domain M diffeomorphic to the ball such that SH∗(M,Q) has infinite rank
in each degree.
We prove this in section 5. The connected sum M#N of two Liouville
domainsM and N is a new Liouville domain obtained by attaching a special
1 handle called a Weinstein 1-handle joining both. By [Cie02], we have
SH∗(M#N,K) = SH∗(M,K)⊕ SH∗(N,K).
By Theorem 1.3 and Theorem 1.1 we get the following corollary:
Corollary 1.4. Let N be any Liouville domain of dimension greater than 6
with trivial first Chern class. The boundary ∂N admits a (possibly different)
contact structure with the property that every supporting contact form has
infinitely many simple Reeb orbits. This new contact structure is homotopic
to the old one through hyperplane fields.
Proof. of 1.4. Let M a Liouville domain as in Theorem 1.3 of the same
dimension as N then SH∗(M#N,Q) is infinitely generated in each degree.
Also ∂(M#N) is diffeomorphic to ∂(N) and this diffeomorphism preserves
the homotopy type of the contact plane field within the space of hyperplane
fields (see [McL, Lemma 2.18]). Hence by Theorem 1.1 we get that ∂(M#N)
must have infinitely many Reeb orbits for any supporting contact form. 
Note: While I was writing this paper I found out that Leonardo Macarini
and Umberto Hryniewicz were writing a similar paper using contact homol-
ogy instead of symplectic homology. Even though the results are similar, I
think that writing a version of this paper from the perspective of symplectic
homology is interesting in its own right.
Acknowledgements: I would like to thank Viktor Ginzburg for his
useful comments. The author was partially supported by NSF grant DMS-
1005365.
2. Definition of our Floer homology groups
2.1. Symplectic homology. Symplectic homology in [Vit99] was used to
study Reeb orbits on the boundary of Liouville domains. In this section we
will define this invariant. A Liouville domain is a compact manifold M with
boundary and a 1-form θM satisfying:
(1) ωM := dθM is a symplectic form.
(2) The ωM -dual of θM is transverse to ∂M and pointing outwards.
The boundary ∂M is a contact manifold with contact form αM := θM |∂M .
Two Liouville domains are deformation equivalent if there is a smooth family
of Liouville domains joining them together. Let N be a Liouville domain
with c1(N) = 0. We make some additional choices η := (τ, b) for N . The
element τ is a choice of trivialization of the canonical bundle of N up to
homotopy and b is an element of H2(N,Z/2Z). We will assume that ∂N
has discrete period spectrum PN ⊂ R (the set of periods of Reeb orbits of
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(∂N,αN )). For each pair of numbers c < d where c, d ∈ [−∞,∞] we will
define a symplectic homology group SH
(c,d]
∗ (N,K, η). When c = −∞ and
d = +∞ then it is an invariant up to Liouville deformation.
To every Liouville domain N we can form its completion N̂ by attaching
a cylindrical end [1,∞) × ∂N to ∂N and extending θN by rNdαN where
αN = θN |∂N and rN is the coordinate parameterizing [1,∞) called the
cylindrical coordinate. A Hamiltonian H : S1 × N̂ → R is said to be
admissible if H(t, x) = λrN (x) near infinity where λ is a constant called the
slope of H. We sometimes view H as a family of Hamiltonians Ht : N̂ → R
where t ∈ S1. We have an S1 family of vector fields XHt and it has an
associated flow ΦtXHt
(a family of symplectomorphisms parameterized by
t ∈ R satisfying ∂
∂t
ΦtXHt
= XHt where we identify S
1 = R/Z). A 1-periodic
orbit o : S1 → N̂ is a map which satisfies o(t) = ΦtXHt
(x) for some x ∈ N̂ .
We say that o is non-degenerate if DΦ1XHt
: TxN̂ → TxN̂ has no eigenvalue
equal to 1. First of all, we can perturb H slightly so that its slope λ is
not in the period spectrum PN . This means that all of its 1 periodic orbits
sit inside some compact subset of N̂ . We then perturb H again by a C∞
small amount so that all of its 1-periodic orbits are non-degenerate and so
that it still remains admissible (see [SZ92, Theorem 9.1]). Because we have
a trivialization τ of the canonical bundle of N , this gives us a canonical
trivialization of the symplectic bundle TN restricted to an orbit o (up to
homotopy). Using this trivialization, we can define an index of o called the
Robbin-Salamon index (this is equal to the Conley-Zehnder index taken
with negative sign). We will write i(o) for the index of this orbit o. For a
1-periodic orbit o we define the action AH(o) as:
AH(o) := −
∫ 1
0
H(t, o(t))dt−
∫
o
θN .
Choose a coefficient field K and an S1 family of almost complex structures
Jt compatible with the symplectic form. We assume that Jt is convex with
respect to this cylindrical end outside some large compact set (i.e. θ ◦ Jt =
dr). We also say that Jt is admissible if such a condition holds. Let
CF dk (H,J, η) :=
⊕
o
K〈o〉
where we sum over 1-periodic orbits o of H satisfying AH(o) ≤ d whose
Robbin-Salamon index is k. We write
CF
(c,d]
k (H,J, η) := CF
d
k (H,J, η)/CF
c
k (H,J, η).
As a vector space, CF
(c,d]
k (H,J, η) does not depend on J or b, but the
differential will. We need to define a differential for the chain complex
CF dk (H,J, η) such that the inclusion maps CF
c
k (H,J, η) →֒ CF
d
k (H,J, η) for
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c < d are chain maps. This makes CF
(c,d]
k (H,J, η) into a chain complex as
well.
We will now describe the differential
∂ : CF dk (H,J, η) → CF
d
k−1(H,J, η).
We consider curves u : R × S1 −→ N̂ satisfying the perturbed Cauchy-
Riemann equations:
∂su+ Jt∂tu = ∇
gtH
where ∇gt is the gradient associated to the S1 family of metrics gt :=
ω(·, Jt(·)). For two 1 periodic orbits o−, o+ let U(o−, o+) denote the set
of all curves u satisfying the perturbed Cauchy-Riemann equations such
that u(s, ·) converges to o± as s→ ±∞. This has a natural R action given
by translation in the s coordinate. Let U(o−, o+) be equal to U(o−, o+)/R.
For a C∞ generic admissible complex structure we have that U(o−, o+) is an
i(o−)− i(o+)− 1 dimensional manifold (see [FHS95]). There is a maximum
principle to ensure that all elements of U(o−, o+) stay inside a compact
set K (see [Oan04, Lemma 1.5] or [AS10, Lemma 7.2]). Hence we can
use a compactness theorem (see for instance [BEH+03]) to ensure that if
i(o−) − i(o+) = 1, then U(o−, o+) is a compact zero dimensional manifold.
The class b ∈ H2(N,Z/2Z) enables us to orient this manifold (see [Abo10,
Section 3.1])). Let #U(x−, x+) denote the number of positively oriented
points of U(x−, x+) minus the number of negatively oriented points. Then
we have a differential:
∂ : CF dk (H,J, η) −→ CF
d
k−1(H,J, η)
∂〈o−〉 :=
∑
i(o−)−i(o+)=1
#U(o−, o+)〈o+〉
By analyzing the structure of 1-dimensional moduli spaces, one shows ∂2 = 0
and defines HF∗(H, η) as the homology of the above chain complex. The
homology group HF d∗ (H, η) depends on H and η but is independent of J up
to canonical isomorphism. We define HF
(c,d]
∗ (H, η) as the homology of the
chain complex
CF d∗ (H,J, η)/CF
c
∗ (H,J, η).
If we have two non-degenerate admissible Hamiltonians H1 < H2, then
there is a natural map:
HF
(c,d]
∗ (H1, η) −→ HF
(c,d]
∗ (H2, η)
This map is called a continuation map. This map is defined from a map
C on the chain level as follows:
C : CF dk (H1, J1, η) −→ CF
d
k (H2, J2, η)
∂〈o−〉 :=
∑
i(o−)=i(o−)
#P (o−, o+)〈o+〉
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where P (o−, o+) is a compact oriented zero dimensional manifold of solutions
of the following equations: Let Ks, s ∈ R be a smooth non-decreasing family
of admissible Hamiltonians equal to H1 for s≪ 0 and H2 for s≫ 0 and Js,t
a smooth family of admissible almost complex structures joining J1,t and
J2,t. The set P (o−, o+) is the set of solutions to the parameterized Floer
equations
∂su+ Js,t∂tu = ∇
gtKs,t
such that u(s, ·) converges to o± as s → ±∞. For a C
∞ generic family
(Ks, Js) this is a compact zero dimensional manifold. Again the class b ∈
H2(N,Z/2Z) enables us to orient this manifold. If we have another such non-
decreasing family admissible Hamiltonians joining H1 and H2 and another
smooth family of admissible almost complex structures joining J1 and J2,
then the continuation map induced by this second family is chain homotopic
to the map induced by (Ks, Js). The composition of two continuation maps
is a continuation map. If we take the direct limit of all these maps with
respect to admissible Hamiltonians H ordered by < such that H|N < 0,
then we get our symplectic homology groups SH
(c,d]
∗ (N, η). We will write
SH#∗ (N, η) for SH
(0,∞)
∗ (N, η).
Also we will write SH∗ instead of SH
(−∞,∞)
∗ . If we wish to stress which
coefficient field we are using, we will write SH#∗ (M,η,K) if the field is K
for instance. We will write SH≤d∗ instead of SH
(−∞,d]
∗ . We will suppress
the term η from the notation when the context is clear. Also from now on
whenever we have a Liouville domain or symplectic manifold then we will
assume that we have chosen such a pair η = (τ, b).
2.2. Growth rates. In order to define growth rates, we will need some
linear algebra first. Let (Vx)x∈[1,∞) be a family of vector spaces indexed by
[1,∞). For each x1 ≤ x2 we will assume that there is a homomorphism φx1,x2
from Vx1 to Vx2 with the property that for all x1 ≤ x2 ≤ x3, φx2,x3 ◦φx1,x2 =
φx1,x3 and φx1,x1 = id. We call such a family of vector spaces a filtered
directed system. Because these vector spaces form a directed system, we can
take the direct limit V := lim
−→x
Vx. From now on we will assume that Vx is
finite dimensional. For each x ∈ [1,∞) there is a natural map:
qx : Vx → lim−→
x
Vx.
Let a : [1,∞)→ [0,∞) be a function such that a(x) is the rank of the image
of the above map qx. We define the growth rate as:
Γ((Vx)) := lim
x
log a(x)
log x
∈ {−∞} ∪ [0,∞].
If a(x) is 0 then we just define log a(x) as −∞. If a(x) was some polynomial
of degree n with positive leading coefficient, then the growth rate would be
equal to n. If a(x) was an exponential function with positive exponent, then
the growth rate is ∞.
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In the previous section we defined for a Liouville domain N (whose bound-
ary had discrete period spectrum), SH≤λ∗ (N). For λ1 ≤ λ2, there is a natu-
ral map SH≤λ1∗ (N)→ SH
≤λ2
∗ (N) given by inclusion of the respective chain
complexes. This is a filtered directed system (SH≤λ∗ (N)) whose direct limit
is SH∗(N).
Definition 2.1. We define the growth rate Γ(N, η) as:
Γ(N, η) := Γ(SH≤λ∗ (N, η))
We also have the following theorem ([McL12, Theorem 2.4]):
Theorem 2.2. Let N1, N2 be two Liouville domains such that N̂1 is symplec-
tomorphic to N̂2 where the symplectomorphism pulls back b2 ∈ H
2(N2,Z/2Z)
to b1 ∈ H
2(N1,Z/2Z) and τ2 to τ1 where τ2 and τ1 are trivializations of the
canonical bundle. Then Γ(N1, (τ1, b1)) = Γ(N2, (τ2, b2)).
Hence we will just write Γ(N̂ , dθN , (τ, b)) for the growth rate of (N, θN ).
We will sometimes just write Γ(N̂) if the context makes it clear that dθN is
our symplectic form and (τ, b) is our associated trivialization and homology
class.
2.3. Local Floer homology. In this section we mildly generalize the no-
tion of local Floer homology as defined in [GG10]. All the lemmas in this
section and properties proven are almost exactly the same as ones proven
in [GG10]. Usually local Floer homology is defined for isolated 1-periodic
orbits (see [GG10]). In our case we will define it for isolated families of
1-periodic orbits which are all contained inside some compact set and such
that they have the same action. Let (Q,ωQ) be a symplectic manifold and
H : S1 × Q → R a Hamiltonian. Let F ⊂ Q be a set of fixed points of φ1H
inside Q. We say that they are isolated if there is some open neighbourhood
NF of F whose closure is compact such that any fixed point of φ
1
H inside the
closure of NF is contained inside F. We call NF an isolating neighbourhood.
Note that the orbits starting inside F can exit this neighbourhood, we just
require that they start at F.
Let F be a set of fixed points of φ1H which is isolated and such that the
associated orbits have the same action. We will now define a Floer homology
group HF∗(Ht,F) called Local Floer homology. We need a lemma first.
Lemma 2.3. Let Gnt be a sequence of time dependent Hamiltonians which
C∞ converge to Ht. Let J
n
t be a sequence of compatible almost complex
structures C∞ converging to a compatible almost complex structure Jt. Let
V be any open subset containing F whose closure is compact. Let U ′ ⊂ NF
be an open subset such that the flow φtHt(U
′) is well defined for all 0 ≤ t ≤ 1
(i.e. none of these points flow off to infinity). Then for large enough n,
(1) All 1-periodic orbits o(t) of Gnt starting inside NF must satisfy o(t) ⊂
φtHt(U
′) for 0 ≤ t ≤ 1.
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(2) If u : R × S1 → V is a Floer trajectory with respect to (Gnt , J
n
t )
connecting orbits of Gnt starting inside NF then u(s, t) ⊂ φ
t
Ht
(U ′)
for all 0 ≤ t ≤ 1 and s ∈ R.
Proof. of Lemma 2.3. We identify S1 = R/Z. Suppose for a contradiction
there is a subsequence ni, a sequence of orbits oi of G
ni
t starting inside NF
and a sequence of points ti ∈ S
1 so that oi(ti) /∈ φ
ti
Hti
(U ′). By passing to
a subsequence we can assume that ti converges to some point t ∈ S
1 and
that the starting point oi(0) converges to some point p in the closure of
NF. Hence oi converges to some orbit o of Ht in the C
0 sense and so oi(ti)
converges to o(t). Because o is an orbit starting at p which is contained
inside the closure of NF, we have that p ∈ F. Hence o(t) ∈ φ
t
Ht
(U ′) for all
t ∈ [0, 1] which is impossible because oi(ti) /∈ φ
ti
Ht
(U ′) for all i. Hence for
large enough n we have shown that all 1-periodic orbits o(t) of Gnt starting
inside NF must satisfy o(t) ⊂ φ
t
Ht
(U ′) when 0 ≤ t ≤ 1.
Suppose for a contradiction there is a sequence of Floer trajectories
ui : R× S
1 → V
with respect to (Gnit , J
ni
t ) connecting orbits of G
ni
t starting inside U
′ and
a sequence of points (si, ti) such that ui(si, ti) /∈ φ
ti
Ht
(U ′). We can also
assume that u(si, 0) is contained inside NF. The point is that if ui(si, 0) was
not contained inside this open set for infinitely many i then we know that
ui(s, 0) ∈ NF for s large enough (because ui converges to orbits starting
inside NF), so by the continuity of ui we could find another sequence of
points (s′i, t
′
i) with t
′
i = 0 and ui(s
′
i, t
′
i) ∈ NF \ φ
ti
Ht
(U ′).
We would like to use a compactness argument (such as [BEH+03]) to
say that these Floer trajectories must converge to some Floer trajectory of
energy 0 but the problem is that the Hamiltonian H could be degenerate. So
instead we will do the following: First of all after shifting in the s coordinate,
we may as well assume that si = 0 for all i and after passing to a subsequence
we can assume that ti converges to t
′ and ui(0, 0) converges to some point
p. We have that p is contained in the closure of NF. We can view the
maps ui as a sequence of holomorphic sections of a C
∞ converging family
of Hamiltonian fibrations (see [MS04]) whose fiber is Q. These fibrations
converge to H which is the Hamiltonian fibration over R× S1 associated to
Ht. Hence by using a compactness result such as [Fis11] we have that for
every compact subsurface S of R×S1, ui|S converges in the Gromov sense to
some nodal curve u : S′ → H. Some of the components of this nodal curve
could be holomorphic maps into the fibers of H (bubbles) and others are
multisections. Also these bubbles have energy 0 and hence must be points
inside the fibers. There is at most one multisection u˜S and this must be
a section because our nodal curve intersects each fiber with multiplicity 1.
By viewing R × S1 as a union of compact surfaces {−i ≤ s ≤ i} we get
after passing to a subsequence and using the above compactness argument a
section u˜ ofH. We view this section u˜ as a map u : R×S1 → Q satisfying the
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Floer equations. This section has the property that u(0, 0) = p. The map u
has zero energy and hence ∂u
∂s
= 0 and ∂u
∂t
= XHt . This means that u(0, t) is
an orbit of H starting at p but this is impossible because u(0, t′) /∈ φ1H
t′
(U ′).
Hence for large enough n, u(s, t) ⊂ φtHt(U
′) for all s ∈ R and 0 ≤ t ≤ 1. 
We will now define HF∗(Ht,F). We choose some relatively compact open
setW containing all the orbits starting at F and an isolating neighbourhood
NF for F whose closure is a subset of W . We perturb Ht very slightly
to H ′t so that all of its orbits are non-degenerate. Choose a regular S
1
family of compatible almost complex structures Jt. By the above Lemma
we can ensure that all orbits starting inside NF are contained inside W
and the Floer trajectories with respect to (H ′t, Jt) connecting them inside
W are also contained inside W (this is because we can choose U ′ so that
∪t∈[0,1]φ
t
Ht
(U ′) ⊂ W ). Also if a Floer trajectory connecting these orbits
breaks then each component must converge to an orbit starting at NF by
this Lemma because we can choose U ′ so that its closure is contained in
NF. Hence we have a well defined differential on the Floer chain complex
generated by these orbits. We define HF∗(Ht,F) to be the homology of the
Floer complex defined using these orbits and Floer trajectories.
Lemma 2.4. We have that HF∗(Ht,F) does not depend on the choice of
(H ′t, Jt) or isolating neighbourhood as long as the perturbation H
′
t is suffi-
ciently small. This also means that if we have some symplectomorphism φ
from some neighbourhood NF to another isolating neighbourhood N
′
F′
com-
ing from some Hamiltonian Kt so that φ
∗Kt = Ht then HF∗(Ht,F) =
HF∗(Kt, φ(F)).
Note that these groups do depend on the choice of trivialization of the
canonical bundle and of the choice of class b ∈ H2(W,Z/2Z). But in the
cases that we will use, the neighbourhood W is homotopic to a 1 complex
so b must be zero.
Proof. of Lemma 2.4. Let (H ′′, J ′′t ) be another pair and let N
′
F
another
neighbourhood. Let (Ks, Ys) be a smooth family of pairs parameterized by
s ∈ R such that (Ks, Ys) = (H
′, Jt) for s very negative and (Ks, Ys) =
(H ′′, J ′′t ) for s very positive. Choose any relatively compact open set W
containing the orbits starting at F. If the perturbations H ′′ and H ′ are
small enough, then the Floer trajectories u(s, t) for (H ′, Jt) and (H
′′, J ′′t )
are contained inside an arbitrarily small open subset containing the orbits
by Lemma 2.3. Also if Ks is sufficiently C
∞ close to H for all s, we get
(by using the same proof as in Lemma 2.3) that the continuation map Floer
trajectories u(s, t) for (Ks, Ys) inside W are contained inside an arbitrarily
small open subset containing the orbits. This means our chain complexes
are independent of the choice of isolating neighbourhood and we have well
defined continuation maps between them. Hence we can use continuation
arguments (for instance from [SZ92, Section 6]) to prove invariance of choices
of (H ′, Jt) and neighbourhood NF. 
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LetHst be a smooth family of time dependent Hamiltonians parameterized
by s ∈ [0, 1]. Let F ⊂ Q be an isolated set of fixed points of Hst for every s.
If there is some isolating neighbourhood NF (independent of s) of these fixed
points for each s ∈ [0, 1] then we say that (Hst ,F) is an isolated deformation.
Lemma 2.5. Suppose we have an isolated deformation (Hst ,F) then
HF∗(H
0
t ,F) = HF∗(H
1
t ,F).
Proof. of Lemma 2.5 (Sketch). First of all we add a smooth family of con-
stants to Hst so that all the orbits starting at F have the same action for
each s. By using similar compactness ideas from Lemma 2.3, we get a
well defined continuation map from HF∗(H
0
t ,F) to HF∗(H
1
t ,F). This is an
isomorphism on homology as it has an inverse and continuation maps are
functorial ([SZ92, Section 6]). 
Let V ′ be a symplectic manifold and let V be a codimension 0 connected
symplectic submanifold and let Gt be a Hamiltonian such that φ
1
Gt
is the
identity map on V . We suppose that V ′ has a trivilization of its canonical
bundle. Let p ∈ V and consider the loop:
l(s) = φsGt(p).
The choice of trivialization of the canonical bundle gives us a canonical
trivialization up to homotopy of the symplectic bundle l∗(TV ′) which we
view as a map τ from l∗(TV ′) to Cn ∼= Tl(0)V
′. Hence we have a loop of
linear symplectic automorphisms of Tl(0)V
′ ∼= Cn given by τ ◦DφsGt . This
has an associated Maslov index µ. We say that µ is the Maslov index of
the Hamiltonian loop generated by Gt. If we have a Hamiltonian Ht defined
on V ′ then we can form a new Hamiltonian (H#G)t by first modifying Ht
and Gt so that near t = 0, 1 these Hamiltonians are zero (by multiplying
them by an appropriate function ρ(t)). We then define (H#G)t to be H2t
for 0 ≤ t ≤ 12 and G2t−1 for
1
2 ≤ t ≤ 1.
Lemma 2.6. Let F be an isolated set of fixed points of Ht of the same action.
Suppose that we have a family of Hamiltonians Gt such that the time 1 flow
is the identity map on a connected neighbourhood V of our isolated orbits
starting at F. Then HF∗(Ht,F) = HF∗−2µ((H#G)t,F
′) where µ is the
Maslov index of our action Gt.
We will omit the proof of this Lemma as the key ideas are contained in
[Gin10, Section 2.3]. This Lemma basically says that local Floer homology
only depends on the time 1-flow of our Hamiltonian symplectomorphism
locally around F up to some shift in index. Note that we really need the
compactness result 2.3 to ensure that the orbits o(t) of (H#G)t and Floer
trajectories u(s, t) stay near φt(H#G)t(V ).
Lemma 2.7. Suppose that F and F′ are two isolated fixed point sets of Ht
whose union is also an isolated fixed point set. Then:
HF∗(Ht,F ∪ F
′) ∼= HF∗(Ht,F)⊕HF∗(Ht,F
′).
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Proof. of Lemma 2.7. We can choose a small isolating neighbourhood of
F ∪ F′ which is the disjoint union of two isolating neighbourhoods NF and
NF′ . For a small enough perturbation of Ht we have that all the orbits
o(t) and Floer trajectories u(s, t) that are used to define HF∗(Ht,F ∪ F
′)
satisfy o(0), u(s, 0) ∈ NF ∪ N
′
F
for all s ∈ R. Hence there are no Floer
trajectories connecting orbits starting inside NF with orbits starting inside
NF′ . Hence the chain complex defining HF∗(Ht,F ∪ F
′) is the direct sum
of the chain complexes defining HF∗(Ht,F) and HF∗(Ht,F
′). This gives us
our result. 
Let Ht be a time dependent Hamiltonian on Q. The action spectrum of
Ht is the set of action values of all its 1 periodic orbits.
Lemma 2.8. Let c ∈ R and let F be the set of fixed points of Ht of action
c. Suppose that the action spectrum of Ht is discrete in a neighbourhood of
c and F is compact. Then F is an isolated family of orbits and for δ > 0
small enough,
HF∗(Ht,F) = HF
(c−δ,c+δ)
∗ (Ht).
Proof. of Lemma 2.8. We can choose δ > 0 small enough so that the only
orbits of action in (c−2δ, c+2δ) have action exactly c. Any orbit starting at
a point near F has action near c. But this means that this orbit has action
c and so this orbit starts inside F. Hence F is isolated. In order to define
HF
(c−δ,c+δ)
∗ (Ht), we perturb Ht slightly to a non-degenerate Hamiltonian
H ′t and then build our Floer complex using orbits only in the action window
(c − δ, c + δ). If we choose a small enough perturbation H ′t of Ht all of
whose orbits are non-degenerate then all the orbits of action (c−δ, c+δ) are
contained inside our isolating neighbourhoodNF. Hence the chain complexes
defining HF
(c−δ,c+δ)
∗ (Ht) and HF∗(Ht,F) are identical. 
By a spectral sequence argument we get the following corollary of Lemmas
2.7 and 2.8:
Corollary 2.9. Let H be a Hamiltonian with the property that HF∗(H)
is well defined (in our case H will be some admissible Hamiltonian on the
completion of a Liouville domain). Suppose also that the fixed points of H
form a disjoint union of isolated families Fi i = 1, · · · , l. Then the rank of
HFk(H) is bounded above by the rank of
⊕l
i=1HFk(H,Fi).
Let p be an isolated fixed point of the Hamiltonian symplectomorphism
induced by Ht. Then from [GG10], there is an index ∆Ht(p) ∈ R satisfying:
(1) [GG10, Property MI1].
∆kHkt(p) = k∆H(p).
(2) [GG10, Property LF5].
Let n be half the dimension of our symplectic manifold. Then
HFk(Ht, p) is zero if k /∈ [∆Ht(p)− n,∆Ht(p) + n].
Lemma 2.10. Suppose we have a neighbourhood of the orbits starting at
F which is symplectomorphic to a product U × V and where the Hamilton-
ian splits up as HU + HV where HU is a Hamiltonian on U and HV is a
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Hamiltonian on V . Then HF∗(H,F) = HF∗(HU ,F1)⊗HF∗(HV ,F2) where
F = F1 × F2. The choice of trivialization of the canonical bundle and our
choice of class b must also split up as a product.
The reason why this Lemma is true is because we can perturb our Hamil-
tonian so that it is still a product and also the choice of almost complex
structure can also split up as a product. This ensures that the chain com-
plex splits up as a tensor product. A very similar statement is contained in
[GG10, Property (LF4) in Section 3.2].
2.4. Reeb orbit homology theories. Let M be a Liouville domain. We
choose some trivialization τ of its canonical bundle. This induces a trivi-
alization τ∂ of the canonical bundle associated to the contact distribution
on ∂M . This is because the symplectic complement of the contact distri-
bution is a symplectic bundle trivialized by the Reeb vector field and the
Liouville vector field. Let γ be a (not necessarily simple) Reeb orbit of ∂M .
We view γ as a map from R/lγZ to ∂M so that
d
dt
(γ(t)) = R where R is
the Reeb vector field. Here lγ is the length of the Reeb orbit. Note that
γ(t + c) is a Reeb orbit for any constant c ∈ R. We assume that γ is iso-
lated. This means that there is some neighbourhood U of γ such that there
are no Reeb orbits intersecting U \ image(γ). We can define an invariant
CH∗(γ) as follows: Because
d
dt
(γ(t)) is in the kernal of dαM , we can find
a fibration πγ : Nγ ։ S
1 where Nγ is a small neighbourhood of image(γ)
and such that dαM restricted to each fibre is a symplectic form. By pos-
sibly shrinking Nγ and using a Moser theorem, we can assume each fibre
is symplectomorphic to a small ball Bδ ⊂ R
2n−2 of radius δ > 0 and the
structure group is U(n − 1). Because πγ is a fibration, we have a vertical
tangent bundle (i.e. the subbundle of the tangent bundle which is tangent
to the fibers of πγ). Consider the vertical tangent bundle restricted to the
zero section of πγ . This is homotopic through symplectic bundles to the
contact distribution. Hence we trivialize πγ so that the highest exterior
power of the vertical tangent bundle along the zero section coincides with
our trivialization τ∂ . This choice of trivialization is unique up to homotopy.
Hence πγ is a product fibration S
1 × Bδ and dαM restricted to each fibre
is the standard symplectic form on Bδ. The line field spanned by the Reeb
vector field gives us a symplectic connection on this fibre bundle because the
Reeb vector field is in the kernal of dαM . We define an S
1 family of vector
fields on Bδ as follows: For t ∈ S
1, we have a unique fiber Ft of πγ which
intersects γ(t). Our trivialization gives us a symplectomorphism Ft ∼= Bδ
and a natural projection S1 × Bδ ։ Bδ. By abuse of notation we write
d
dt
for the vector field on S1 given by (πγ ◦ γ)∗(
d
dt
). Let d˜
dt
be the unique hori-
zontal lift of d
dt
. We define Vt to be the projection of −
d˜
dt
|Ft to Bδ. Because
i(− d˜
dt
)dαM = 0 we have that Vt is an S
1 family of symplectic vector fields.
These also preserve the origin. Because Bδ is contractible and Vt vanishes
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at the origin, Vt is generated by an S
1 family of Hamiltonians Hγt which
fix 0. Because the Reeb orbit is isolated, we have that Hγt has an isolated
fixed point at 0 ∈ Bδ. Hence we define CH∗(γ) := HF∗(H
γ
t , 0). This is
independent of choice of fibration πγ because if we had two such fibrations
then we can join then via a smooth family of such fibrations. Associated to
this smooth family of fibrations we have a smooth family of Hamiltonians
Hsγ with isolated fixed points at 0 and hence by Lemma 2.5 they all have
the same local Floer homology group. We will call CH∗(γ) the Reeb orbit
homology of γ.
The problem with Reeb orbit homology is that there is not a very obvious
link between this homology group and symplectic homology. So we now
give another Floer homology group associated to this Reeb orbit which has
a slightly more direct relationship with symplectic homology. Suppose that
γ has length lγ . Let rM be the cylindrical coordinate in M̂ . Choose a
Hamiltonian Ht on M̂ so that there is some x > 1 with Ht = h(rM ) near
{x}× image(γ) ⊂ [1,∞)×∂M where h′(x) = lγ and h
′′(lγ) > 0. Then H has
an isolated S1 family of fixed points {x} × image(γ). If Ht has the above
properties then we say that H is admissible with respect to γ. We define
Reeb orbit Floer homology to be: HF∗(Ht, {x} × image(γ)).
Suppose I have another Hamiltonian H ′t which is admissible with respect
to γ so that it has an isolated S1 family of fixed points {x′}×image(γ). Then
there is a smooth family of Hamiltonians Hst joining Ht and H
′
t which are
all admissible with respect to γ. Hence HF∗(Ht, {x} × image(γ)) is equal
to HF∗(H
′
t, {x
′} × image(γ)) by Lemma 2.5. Hence this Floer homology
group is independent of the choice of Hamiltonians which are admissible
with respect to γ. We will call this group the symplectic homology of γ and
we will write SH∗(γ).
3. Symplectic homology of iterates of a Reeb orbit
Let γ be a simple Reeb orbit and γk its k-fold iterate. The aim of this
section is to prove:
Theorem 3.1. There is some constant C depending on our Reeb orbit γ
such that the rank of SH∗(γ
k) is bounded above by C. Also we can assign an
index ∆(γ) ∈ R for each isolated Reeb orbit γ such that SHi(γ
k) is zero if
i /∈ [k∆(γ)−n+1, k∆(γ)+n]. Here n is half the dimension of our Liouville
domain M .
Let Bδ be an open ball in R
2n of radius δ > 0. Let Q be a symplectic
manifold with a choice of diffeomorphism to Bδ × ([0, 1] × S
1) and with an
exact symplectic form dθQ. Let πQ : Bδ × ([0, 1] × S
1)→ [0, 1] × S1 be the
natural projection map. Suppose that Q, πQ and θQ satisfy:
(1) dθQ|Bδ×{(s,a)} is the standard symplectic form on Bδ for all (s, a) ∈
[0, 1] × S1. Here we have identified Q with Bδ × ([0, 1] × S
1) and
from now on we will do this.
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(2) We require that the tangent spaces to the submanifold
{0} × ([0, 1] × S1) ⊂ Bδ × ([0, 1] × S
1)
are symplectically orthogonal to the fibers.
(3) We let ∂˜
∂a
be the lift of ∂
∂a
up to the plane distribution H which is
dθQ orthogonal to the fibers. The vector field
∂˜
∂a
has no orbits of
any period contained inside NQ \
(
{0} × ([0, 1] × S1)
)
where NQ is
a small neighbourhood of {0} × ([0, 1] × S1).
(4) The symplectic form dθQ restricted to {0} × ([0, 1] × S
1) must be
equal to κQds ∧ da for some constant κQ > 0.
We call such a fibration πQ a partially trivial fibration. A deformation of
partially trivial fibrations is a smooth family of such fibrations where the map
πQ is fixed along with the trivialization Bδ × ([0, 1] × S
1) but the 1-form
θQ can smoothly vary and so can κQ. The neighbourhood NQ described
above must be fixed throughout this deformation as well although we are
allowed to choose a smaller neighbourhood at the start of the deformation
if we wish.
All such fibrations have a natural choice of trivialization of the canonical
bundle because the vertical bundle has a symplectic trivialization induced
by our choice of trivialization Bδ × ([0, 1] × S
1) and the horizontal bundle
has a symplectic trivialization induced by the coordinates (s, a) ∈ [0, 1]×S1
where we view S1 as the quotient R/Z (so da on S1 has volume 1). Let
f : [0, 1] → R be a function with f ′, f ′′ > 0 and f ′(12) = κQ. Then FQ :=
{0} × ({12} × S
1) is an isolated S1 family of fixed points for π∗Qkf(s) for all
k ∈ Z. We define SH∗(πQ, θQ, k) to be HF∗(π
∗
Q(kf(s)),FQ). We project
the vector field − ∂˜
∂a
to a vector field L tangent to the fibers of πQ using the
trivialization Bδ× ([0, 1]×S
1). We view L as a family of vector fields on Bδ
parameterized by (s, a) ∈ [0, 1] × S1 . These are Hamiltonian vector fields
so they are generated by a smooth family of Hamiltonians Hsa which we
will call the associated generating family of Hamiltonians for Q. We define
CH∗(πQ, θQ, k) to be equal to HF∗(kH
1
2
kt, 0). These groups are invariants of
Q up to deformation by Lemma 2.5. We say that πQ is trivial at infinity if
θQ = θB + Csda outside some compact subset of Q = Bδ × ([0, 1] × S
1) for
some constant C. Here θB is a 1-form on Bδ such that dθB is the standard
symplectic form on Bδ.
Lemma 3.2. Let πQ be a partially trivial fibration then it is deformation
equivalent to a partially trivial fibration which is trivial at infinity.
Proof. of Lemma 3.2. Let θB be a 1-form on Bδ such that dθB is the standard
symplectic form on Bδ. We have that θQ = θB+β+dR where R is a function
and β is a 1-form which vanishes when restricted to the fibers of πQ. Let
βt be a smooth family of 1-forms such that βt = β near {0} × ([0, 1] × S
1)
for all t ∈ [0, 1]. We also require that β0 = β and β1 = 0 outside a small
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neighbourhood of {0} × [0, 1] × S1. We have for a large enough constant
C > 0 that
θtQ := θB + βt + d((1 − t)R) + Ctπ
∗
Qsda
is a deformation of partially trivial fibrations such that θQ = θ
0
Q. Also be-
cause β1 = 0 outside a small neighbourhood of {0}× ([0, 1]×S
1), (πQ, θ
1
Q) is
trivial at infinity. Hence we have a deformation of partially trivial fibrations
starting at θQ and ending at one which is trivial at infinity. 
Let Kt : Bδ → R be an S
1 family of compactly supported Hamiltonians.
We suppose that dKt(0) = 0 for all t, and that the constant k periodic orbit
at 0 is isolated for all k ∈ Z. We can construct a partially trivial fibration
as follows: We start with Bδ × ([0, 1] × R) with the product symplectic
form dθBδ + ds ∧ da. This has a Z action where 1 ∈ Z sends (z, s, a) ∈
Bδ × ([0, 1]×R) to (φ
−1
Kt
(z), s, a+1). We will define QKt to be the quotient
Bδ × ([0, 1] × R)/Z. This has a trivialization
T : Bδ × ([0, 1] × S
1)→ QKt
given by T (z, s, a) = (φ−aKa(z), s, a). Also H
2(QKt) = 0 so the symplectic
form has a primitive θKt. We say that (QKt , θKt) is the standard trivial-
ization associated to Kt. Such fibrations are called standard partially trivial
fibrations.
Lemma 3.3. Every partially trivial fibration is deformation equivalent to a
standard partially trivial fibration.
Proof. of Lemma 3.3.
First of all our partially trivial fibration is deformation equivalent to some
partially trivial fibration Q that is trivial at infinity. The reason why we need
a fibration trivial at infinity is that we have well defined parallel transport
maps (i.e. points don’t get transported off to infinity). Let Bδ× ([0, 1]×S
1)
be its choice of trivialization with respective coordinates (z, s, a). We have
a family of smooth maps ψt : Q → Q parameterized by t ∈ [0, 1] sending
(z, s, a) to (z, 12(1+ (1− t)(2s− 1)), a). This is a smooth linear deformation
retraction of Bδ × ([0, 1] × S
1) onto Bδ × ({
1
2} × S
1). We define θtq to be
ψ∗t θQ. We have that ψ
∗
t θQ is a symplectic form for t < 1 but not for t = 1.
But this problem can be fixed by adding Ctπ∗Qsda for some C > 0. So
(Q, θtQ := ψ
∗
t θQ + Ctπ
∗
Qsda)
is a deformation of partially trivial fibrations. The partially trivial fibration
(Q, θ1Q) has an associated family of Hamiltonians H
s
a that are independent
of s so we will just write Ha. These are all compactly supported.
On the trivialization Bδ × ([0, 1] × S
1) we have a smooth self diffeomor-
phism ξ defined away from Bδ × ([0, 1] × {0}) given by sending (z, s, a) to
(φ−aHa(z), s, a) for 0 < a < 1. Let ωstd be the pullback ξ
∗(dθB+ds∧da) where
dθB is the standard symplectic form on Bδ. This extends to a smooth form
on Bδ × ([0, 1] × S
1) which we define by abuse of notation as ωstd. There
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is a primitive θstd such that dθstd = ωstd. This 1 form gives πQ the struc-
ture of a partially trivial fibration in standard form along with the chosen
trivialization Bδ × ([0, 1] × S
1). Also the horizontal lifts of ∂
∂a
with respect
to both θ1Q and θstd coincide. Hence if ρ : [0, 1] → R is a smooth function
which is zero at 0 and 1 but positive elsewhere then for κ > 0 large enough
we have that
(1− t)θ1Q + tθstd + κρ(t)sda
is a deformation of partially trivial fibrations. Hence (Q, θQ) is deformation
equivalent to (Q, θstd) which is a standard partially trivial fibration. 
Lemma 3.4. Let (πQ, θQ) be a partially trivial fibration then the rank of
SHl(πQ, θQ, k) is bounded above by the rank of
CHl(πQ, θQ, k)⊕ CHl−1(πQ, θQ, k).
Proof. of Lemma 3.4. We have that SH∗(πQ, θQ, k) is a local Floer homology
group associated to an S1 family of 1-periodic orbits of some Hamiltonian.
In order to prove our lemma we will first deform our fibration πQ so that
it is sufficiently nice. We will then perturb our S1 family of orbits so that
they become two isolated orbits. By analyzing these two isolated orbits we
can relate them to CH∗(πQ, θQ, k).
By Lemma 3.3 we can assume that (πQ, θQ) is a standard partially trivial
fibration. This has a universal cover which is a product Bδ × ([0, 1] × R)
with product symplectic form dθBδ + ds ∧ da. This also has an associated
Hamiltonian Ht. Let f : [0, 1] → R be a function with f
′, f ′′ > 0 and
f ′(12 ) = 1. Consider the function kf(s) on [0, 1] × S
1 where k ∈ Z. This
has an isolated S1 family of fixed points {12} × S
1 which are Morse Bott
non-degenerate. Let φts be the time t flow of the Hamiltonian s. The time
1 flow is the identity map and this is a Hamiltonian S1 action of Maslov
index 0. Let ν : S1 → R be a Morse function with exactly one maximum
and one minimum. The Hamiltonian Kt := kf(s) + ǫ(φ
−kt
s )
∗ν(a) is a small
perturbation of kf(s) for ǫ > 0 small enough. The S1 family of orbits
{12} × S
1 gets perturbed into two orbits of index 0 and 1 corresponding to
the maximum and minimum of ν respectively. These points are located at
(12 , x1) and (
1
2 , x2) where x1 and x2 are the maximum and minimum points
of ν. There is a small neighbourhood U around the points (12 , x1) and (
1
2 , x2)
such that π−1Q (U) is symplectomorphic to U×Bδ with the standard product
symplectic form and where πQ corresponds to the projection map to U . Here
the time 1 flow of the Hamiltonian π∗Q(Kt) is equal to the time 1 flow of
the Hamiltonian K ′t := π
∗
Q(kf(s) − ks + ǫν(a)) + π
∗
2kHkt on U × Bδ where
π2 is the natural projection map U × Bδ ։ Bδ. The reason for this is as
follows: If p(t) is a path tangent to the vector field X1 := Xkf(s)+ǫ(φ−kts )∗ν(a)
then φ−kts (p(t)) is tangent to the vector field (φ
−kt
s )∗X1 +
d
dt
φ−kts . Hence by
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Lemma 2.6 we have
HF∗
(
π∗Q(Kt), {0} × ({
1
2
} × {xi})
)
= HF∗
(
K ′t, {0} × ({
1
2
} × {xi})
)
.
The point is that (π∗QKt#(−K
′
t)) is a Hamiltonian S
1 action on π−1Q (U)
isotopic through such actions to the Hamiltonian S1 action induced by s
which has Maslov index 0. The time t flow of the Hamiltonian K ′t fixes the
points (0, 12 , x1) and (0,
1
2 , x2) on U × Bδ for all t, so in particular all the
orbits starting at these points stay inside the product U×Bδ. So by Lemma
2.10 we get:
HF∗
(
K ′t, {(0,
1
2
, xi)}
)
=
HF∗
(
kf(s)− ks+ ǫν(t), {(
1
2
, xi)}
)
⊗HF∗ (Ht, {0}) .
Because the orbits of kf(s)− ks + ǫν(a) are non-degenerate critical points
of index 0 and 1 we get that
HF∗
(
kf(s)− ks+ ǫν(a), {(
1
2
, xi)}
)
=
{
K if ∗ = i
0 otherwise
for i = 0, 1. Hence
HF∗
(
K ′t, {(0,
1
2
, xi)}
)
= HF∗−i (kHkt, {0}) .
So by Lemma 2.9 we have that the rank of HFl(kf(s), {0} × ({
1
2} × S
1))
is bounded above by the rank of ⊕1i=0HFl−i (kHkt, {0}). Hence the rank of
SHl(πQ, θQ, k) is bounded above by the rank of the group CHl(πQ, θQ, k)⊕
CHl−1(πQ, θQ, k). 
Proof. of Theorem 3.1. In this proof we will show that SH∗(γ
k) is equal
to SH∗(π
′
γ , θM , k) for some partially trivial fibration π
′
γ . We will then use
results from [GG10] to put a bound on CH∗(π
′
γ , θM , k) and hence by Lemma
3.4 we get our bounds on SH∗(γ
k).
We will first assign an index to this Reeb orbit as follows: There is a
fibration map πγ : Nγ ։ S
1 where Nγ is a small neighbourhood of γ and
such that dαM restricted to each fibre is a symplectic form. Here the fibers
are symplectomorphic to the ball Bδ of radius δ for some δ > 0. This
fibration also has a choice of trivialization which is compatible with the
trivialization of the canonical bundle on M̂ . If we look at {2} × R in the
cylindrical end [1,∞)×∂M of M̂ then we have a fibration: π′γ : [1, 3]×Nγ →
[1, 3] × S1 where π′γ = (id, πγ). This is a partially trivial fibration and we
have that SH∗(γ
k) = SH∗(π
′
γ , θM , k) and CH∗(γ, k) = CH∗(π
′
γ , θM , k). By
Lemma 3.4 we have that the rank of SHl(π
′
γ , θM , k) is bounded above by
the rank of CHl(π
′
γ , θM , k) ⊕ CHl−1(πγ , θM , k). The fibration π
′
γ also has
an associated family of Hamiltonians Hst . The Hamiltonian kH
1
2
kt has an
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isolated fixed point at 0 and so we can assign a mean index ∆k := ∆
kH
1
2
kt
.
We have by property (MI1) that ∆k = k∆1. We will define our index ∆(γ)
to be ∆1. Hence the rank of CHl(π
′
γ , θM , k) is zero for l /∈ [k∆(γ) − (n −
1), k∆(γ) + (n− 1)] by property (LF5) stated above. Hence SH∗(π
′
γ , θM , k)
is only supported in degrees [k∆(γ) − (n − 1), k∆(γ) + n]. Also by [GG10,
Corollary 1.5] we get that the rank of CH∗(π
′
γ , θM , k) is bounded above by
some constant independent of k. Hence the rank SH∗(γ
k) is bounded above
by some constant and independent of k. 
4. Proof of the main theorem
Here is a statement of Theorem 1.1:
Suppose that M is a Liouville domain such that ∂M has only finitely
many simple Reeb orbits, then:
(1) There is a constant C such that the rank of SHk(M) is bounded
above by C for all k /∈ [1−n, n] where n is half the dimension of M .
(2) Γ(M) ≤ 1.
Proof. of Theorem 1.1.
Let r be the radial coordinate on the cylindrical end [1,∞) × ∂M . Let
h : [1,∞) → R be a function which is 0 near 1 with h′, h′′ ≥ 0. We also
assume that h′(x) = 1 for x ≥ 2 and that h′′ > 0 in the region where
0 < h′ < 1. Let λ /∈ P where P is the period spectrum of ∂M . The
Hamiltonian λh(r) on M̂ has the following isolated families of fixed points:
One family is the region h−1(0). Also for each Reeb orbit γ of length l ≤ λ
there is a family {F}γ,λ equal to {hγ} × γ ⊂ [1,∞) × ∂M where hγ is
the unique value that satisfies λh′(hγ) = l. Because h(r) is C
2 small in the
region h−1(0), we get HF∗(h(r), h
−1(0)) = Hn−∗(M). Also by the definition
of SH∗(γ) we have that HF∗(h(r),Fγ,λ) = SH∗(γ). Hence by Corollary 2.9,
we get that the rank of HFj(λh(r)) is bounded above by the rank of:
Hn−j(M)⊕ (⊕γSHj(γ))
where the direct sum ⊕γ is over all Reeb orbits of length ≤ λ.
We have that symplectic homology is the direct limit as λ tends to infinity
of HF∗(λh(r)). So the rank of SHj(M) is bounded above by the rank of
Hn−j(M)⊕ (⊕γSHj(γ))
where the sum ⊕γ is now over all Reeb orbits γ. We have that ∂M has only
finitely many simple Reeb orbits γ1, · · · , γm. We will write γ
k
i for the k’th
iterate. By Theorem 3.1, there is a constant C so that the rank of SH∗(γ
k
i )
is bounded above by C for all k, i. Also we can assign an index ∆i ∈ R for
each orbit γi so that SH∗(γ
k
i ) is supported in degrees [k∆i−n+1, k∆i+n].
This means that if ∆i 6= 0 then the rank of ⊕kSH∗(γ
k
i ) is bounded in each
degree. If ∆i = 0 then ⊕kSH∗(γ
k
i ) is supported only in degrees [1 − n, n].
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Putting all of this together we get that the rank of SHk(M) is bounded
above by some constant independent of k for all k /∈ [1− n, n].
We now need show that the growth rate is at most 1. Because the rank
of SH∗(γ
k
i ) is bounded above by a constant, there is some linear function
L : R→ R such that the rank of HF∗(λh(r)) is at most L(R). By [McL12,
Lemma 4.15] and [McL12, Lemma 3.1] we have that the growth rate Γ(M)
is bounded above by limx
log(a(λ))
log(λ) where a(λ) is the rank of HF∗(λh(r)).
This implies that Γ(M) ≤ limx
log(L(λ))
log(λ) ≤ 1. Hence we have given a bound
for SHk(M) for all k /∈ [1− n, n] and also shown that Γ(M) ≤ 1. 
5. Construction of our exotic Liouville domain
In this section we will prove Theorem 1.3. Here is a statement of this
theorem: In each even dimension greater than 6 there is a Liouville domain
M diffeomorphic to the ball such that SH∗(M,Q) has infinite rank in each
degree.
From now on our coefficient field will be Q. We need the following fact:
Let N be any Liouville domain with a choice of trivialization of its canonical
bundle and l any loop in ∂N . We suppose that the dimension of N is
greater than 4. Then we can attach a Weinstein 2-handle along another
loop homotopic to l in such a way that the trivialization of the canonical
bundle extends over this handle.
We will not define what a Weinstein handle is here. The only fact we need
to know is that it is a 2-handle such that the Liouville domain structure
extends over this handle, and also that attaching such a handle does not
change symplectic homology (see [Cie02]).
Lemma 5.1. Let k be any even integer. Consider the free graded algebra
K[x, x−1, y] where x has degree k and y has degree k + 1. Let N be a con-
tractible Stein domain of dimension greater than 2, then there exists another
Stein domain N ′ such that
(1) dim(N ′) = dim(N) + 2.
(2) N ′ is contractible.
(3) SH∗(N
′) = SH∗(N)⊗K[x, x
−1, y].
Proof. of Lemma 5.1.
Notation: Really by C∗ we mean the Liouville domain associated to C∗
which is the annulus. Also if we take the product of two Liouville domains
A×B, then this is a manifold with corners. We can smooth the corners to
make this a Liouville domain, but we will just write A×B for this Liouville
domain by abuse of notation.
The set of trivializations of TC∗ is in 1−1 correspondence with Z. We nor-
malize so that the trivialization corresponding to 0 is the natural one coming
from viewing C∗ as C/Z where we have the Z equivariant trivialization of C
induced by the coordinates a+ib. We choose the trivialization corresponding
to k2 . From [AS08], we have that SH∗(C
∗) = K[x, x−1, y]. Really the result
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in [AS08] uses the trivialization corresponding to 0 but changing trivializa-
tion changes the degree of x and y. By the statement before this Lemma,
we can attach a Weinstein 2 handle to N × C∗ killing the unique generator
of H1(N ×C
∗) = H1(C
∗) giving us a new Liouville domain N ′ which is con-
tractible. We have SH∗(N
′) = SH∗(N ×C
∗). By [Oan06], SH∗(N ×C
∗) =
SH∗(N)⊗ SH∗(C
∗). Hence SH∗(N
′) = SH∗(N)⊗K[x, x
−1, y]. 
Proof. of Theorem 1.3. Throughout this proof, our coefficient field K is
equal to Q. We wish to create a Liouville domain diffeomorphic to the ball
of dimension 2n ≥ 8. Let A1 be the algebra K[x, x
−1, y] where x has degree
0 and y has degree 1. Let A2 be the same algebra but now x has degree
2 and y has degree 3. We start with a contractible Stein domain D of
real dimension 4 with non-trivial symplectic homology (see [Sei08, Section
5]). By Lemma 5.1 there is another contractible Stein domain D′ whose
dimension is dim(D) + 2 and such that SH∗(D
′) = SH∗(D) ⊗ A2. This
means that SH∗(D
′) is non-zero in every degree. We now apply Lemma
5.1 multiple times to create a contractible Stein domain M of dimension 2n
whose symplectic homology group is: SH∗(D)⊗A2⊗A
⊗n−3
1 . Tensoring with
A⊗
n−3
1 ensures that symplectic homology is now infinitely generated in every
degree as a vector space. Also M is diffeomorphic to the ball by [McL09,
Corollary 2.30]. 
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